It is proved that the K 0 -group of a cluster C * -algebra is isomorphic to the corresponding cluster algebra. As a corollary, one gets a shorter proof of the positivity conjecture for cluster algebras. As an example, we consider a cluster C * -algebra A(1, 1) coming from triangulation of an annulus with one marked point on each boundary component; it is shown that braid groups admit a representation in A(1, 1), so that the Jones polynomials of closed braids correspond to the Laurent phenomenon in cluster algebra K 0 (A(1, 1) ).
Introduction
Cluster algebras are a class of commutative rings introduced by [Fomin & Zelevinsky 2002] [4] having deep roots in hyperbolic geometry and Teichmüller theory [Williams 2014 ] [17] . Namely, the cluster algebra A(x, B) of rank n is a subring of the field of rational functions in n variables depending on a cluster of variables x = (x 1 , . . . , x n ) and a skew-symmetric matrix B = (b ij ) ∈ M n (Z); the pair (x, B) is called a seed. A new cluster x ′ = (x 1 , . . . , x ′ k , . . . , x n ) and a new skew-symmetric matrix B ′ = (b ′ ij ) is obtained from (x, B) by the exchange relations:
The seed (x ′ , B ′ ) is said to be a mutation of (x, B) in direction k, where 1 ≤ k ≤ n; the algebra A(x, B) is generated by cluster variables
obtained from the initial seed (x, B) by the iteration of mutations in all possible directions k.
The Laurent phenomenon proved by [Fomin & Zelevinsky 2002 ] is the ring of the Laurent polynomials in variables x = (x 1 , . . . , x n ) depending on an initial seed (x, B); in other words, each generator x i of algebra A(x, B) can be written as a Laurent polynomial in n variables with the integer coefficients. The famous Positivity Conjecture says that coefficients of the Laurent polynomials corresponding to variables x i are always non-negative integers, see [Fomin & Zelevinsky 2002] [4] . A general form of the Positivity Conjecture was proved by [Lee & Schiffler 2015] [8] using a clever combinatorial formula for the variables x i .
Cluster C * -algebras A(x, B) are a class of non-commutative rings introduced in [12] . The A(x, B) is an AF -algebra given by the Bratteli diagram [Bratteli 1972 ] [1] ; such a diagram is obtained from a mutation tree of the initial seed (x, B) modulo an equivalence relation between the seeds lying at the same level, see Section 2.2. (We refer the reader to Figures 1 and 3 for an immediate example of such algebras.)
The aim of our note is the K-theory of AF -algebra A(x, B). Namely, the ordered abelian group is a pair (G, G + ) consisting of an abelian group G and a semigroup G + ⊂ G of positive elements of G; the order ≤ on G is defined by the positive cone G + , i.e. a ≤ b if and
is an invariant of the Morita equivalence of the AF -algebra A(x, B) [Elliott 1976] [3] . Likewise, let A add (x, B) be an additive group of the cluster algebra A(x, B); let A + add (x, B) be a semigroup inside the A add (x, B) consisting of the Laurent polynomials with positive coefficients. The pair (A add (x, B), A + add (x, B)) is an abelian group with order. Our main result can be formulated as follows.
). x, B) ) the set of the Murray-von Neumann equivalence classes of projections in the algebra A(x, B). It is known, that the triple (K 0 (A(x, B) ), K + 0 (A(x, B)), Γ) is an invariant of the isomorphism class of the AF -algebra A(x, B) [Elliott 1976 ] [3] . It is not hard to observe, that the set X = {x i } ∞ i=1 of all variables x i in the cluster algebra A add (x, B) is a scale, since it is a generating, hereditary and directed subset of A + add (x, B). Notice that choosing a different initial seed (x, B) for the Laurent expansion of variables x i yields a new scale
for any dimension group; therefore theorem 1 implies a new proof of the Positivity Conjecture for the cluster algebras.
Corollary 1
The coefficients of the Laurent polynomials corresponding to the cluster variables x i are non-negative integers.
The article is organized as follows. The preliminary facts are introduced in Section 2. Theorem 1 and corollary 1 are proved in Section 3. In Section 4 we consider an example of the cluster C * -algebra A(1, 1) coming from triangulation of an annulus with one marked point on each boundary component; the Laurent phenomenon in the cluster algebra K 0 (A (1, 1) ) is shown to correspond to the Jones polynomials of knots and links.
Preliminaries
This section is a brief review of the C * -algebras, AF -algebras and cluster C * -algebras. For a general review of C * -algebras we refer the reader to [Murphy 1990 ] [11] . The AF -algebras were introduced in [Bratteli 1972 
AF -algebras and dimension groups
A C * -algebra is an algebra A over C with a norm a → ||a|| and an involution a → a * such that it is complete with respect to the norm and ||ab|| ≤ ||a|| ||b|| and ||a * a|| = ||a 2 || for all a, b ∈ A. Any commutative C * -algebra is isomorphic to the algebra C 0 (X) of continuous complex-valued functions on some locally compact Hausdorff space X; otherwise, A represents a noncommutative topological space.
An AF -algebra (Approximately Finite C * -algebra) is defined to be the norm closure of a dimension-increasing sequence of finite dimensional C * -algebras M n , where M n is the C * -algebra of the n × n matrices with entries in C. Here the index n = (n 1 , . . . , n k ) represents the semi-simple matrix algebra M n = M n 1 ⊕ . . . ⊕ M n k . The ascending sequence mentioned above can be written as
where M i are the finite dimensional C * -algebras and ϕ i the homomorphisms between such algebras. The homomorphisms ϕ i can be arranged into a graph as follows. For a unital C * -algebra A, let V (A) be the union (over n) of projections in the n × n matrix C * -algebra with entries in A; projections p, q ∈ V (A) are equivalent if there exists a partial isometry u such that p = u * u and q = uu * . The equivalence class of projection p is denoted by [p] ; the equivalence classes of orthogonal projections can be made to a semigroup by putting
The Grothendieck completion of this semigroup to an abelian group is called the K 0 -group of the algebra A. The functor A → K 0 (A) maps the category of unital C * -algebras into the category of abelian groups, so that projections in the algebra A correspond to a positive cone K + 0 ⊂ K 0 (A) and the unit element 1 ∈ A corresponds to an order unit u ∈ K 0 (A). The ordered abelian group (K 0 , K + 0 , u) with an order unit is called a dimension group; an order-isomorphism class of the latter we denote by (G,
is an invariant of the Morita equivalence of algebra A, i.e. an isomorphism class in the category of finitely generated projective modules over A.
The scale Γ is a subset of K + 0 (A) which is generating, hereditary and directed, i.e. (i) for each a ∈ K + 0 (A) there exist a 1 , . . . , a r ∈ Γ(A), such that a = a 1 + . . . + a r ; (ii) if 0 ≤ a ≤ b ∈ Γ, then a ∈ Γ; (iii) given a, b ∈ Γ there exists c ∈ Γ, such that a, b ≤ c. If u is an order unit, then the set Γ := {a ∈ K + 0 (A) | 0 ≤ a ≤ u} is a scale; thus the dimension group of algebra A can be written in the form
. Let p be a prime number and n = sup {0 ≤ j ≤ ∞ :
. .) an infinite sequence of n i , where p i runs through all primes. By Q(n) one understands an additive subgroup of Q consisting of the rational numbers whose denominators divide the "supernatural number" p
. ., where each n j belongs to the set {0, 1, 2, . . . , ∞}. The Q(n) is a dense subgroup of Q and every dense subgroup of Q containing Z is given by Q(n) for some n, see e.g. 
Cluster C * -algebras
Let T n be an oriented tree whose vertices correspond to the seeds (x, B) and outgoing edges correspond to mutations in direction 1 ≤ k ≤ n. Notice that the tree T n of a cluster algebra A(x, B) has a grading by levels, i.e. a distance from the root of T n . We shall say that a pair of clusters x and x ′ are ℓ-equivalent, if:
(i) x and x ′ lie at the same level;
(ii) x and x ′ coincide modulo a cyclic permutation of variables
It is not hard to see that ℓ is an equivalence relation on the set of vertices of graph T n .
Definition 1 By a cluster C * -algebra A(x, B) one understands an AF -algebra given by the Bratteli diagram B(x, B) of the form:
Remark 1 Notice that the graph B(x, B) is no longer a tree; the cycles of B(x, B) appear after gluing together vertices lying at the same level of the tree according to the relation ℓ. The B(x, B) is not a regular graph, since the valency of vertices can vary. Note also that the B(x, B) is a finite graph if and only if A(x, B) is a finite cluster algebra.
Example 1 Let x = (x 1 , x 2 ) and
The cluster algebra A(x, B) is associated to an ideal triangulation of an annulus with one marked point on each boundary component, see [ It is easy to verify using definition 1, that the Bratteli diagram T 2 mod ℓ of the corresponding cluster C * -algebra A(x, B) is given by Figure 3 . We refer the reader to Section 4 for an extended discussion of the properties of such an algebra.
The cluster algebra A(x, B) is called Markov's; it is associated to an ideal triangulation of the hyperbolic torus with a cusp, see e.g. [Williams 2014 ] [17] . The Bratteli diagram T 3 mod ℓ of the cluster C * -algebra A(x, B) is shown in Figure 1. (The corresponding mutation tree T 3 and the equivalence classes of relation ℓ are given in full detail in [12] , Figure 4 .) The algebra A(x, B) has a non-trivial primitive spectrum being isomorphic to an AFalgebra M 1 introduced by [Mundici 1988 ] [9] ; for a general theory of the Mundici algebras we refer the reader to the monograph [Mundici 2011 ] [10] .
Proofs

Proof of theorem 1
We shall split the proof into a series of lemmas. 
Lemma 2 There exists an UHF-algebra
Proof. If A(x, B) comes from a cluster algebra of an infinite type, then the Bratteli diagram of A(x, B) is an infinite graph, such that the number of vertices is an unbounded function of the level of the graph. This observation implies that K 0 (A(x, B) ) ∼ = Z ∞ , where Z ∞ is abelian group of an infinite rank. (The case of finite cluster algebras will be omitted; the A(x, B) is a finite-dimensional C * -algebra and the K-theory is trivial in this case.) Consider a canonical trace τ : A(x, B) → C; such a trace on the AFalgebra always exists and unique. The τ induces a linear map τ * : K 0 (A(x, B) ) → R. In particular, one gets a dense additive abelian subgroup (of infinite rank) of the real line defined by an embedding τ * : Z ∞ ֒→ R. But each dense additive group Z ∞ of R must be a subgroup of Q modulo a scaling constant. Observe that such a subgroup has the form:
where p = p 1 . . . p n is the product of primes p i and k ∈ Z is relatively prime with each p i . Thus τ * (K 0 (A(x, B) )) ⊂ Q. A(x, B) )) ∼ = Q(n) for a supernatural number n, see Section 2.1; in particular, the A(x, B) is an UHF-algebra. The latter is not true, because such algebras are always simple while the algebra A(x, B) is not.
It is easy to see that
Let Q(n) be the smallest additive abelian subgroup of Q containing both τ * (K 0 (A(x, B))) and Z. Consider a UHF-algebra M k such that K 0 (M k ) ∼ = Q(n). Then A(x, B) ⊂ M k and lemma 2 is proved.
Proof. It transpires that the supernatural number in lemma 2 has the form n = p ∞ 1 . . . p ∞ n for some distinct prime numbers p i . But the rational numbers whose denominators divide n are elements of the ring Z[
, one gets the conclusion of lemma 3.
Lemma 4
The exists a canonical isomorphism ϕ between the abelian groups A add (x, B) and K 0 (A(x, B) ).
Proof. To define the isomorphism, we shall construct a representation ρ : A add (x, B) → Q commuting with the linear map τ * on K 0 (A(x, B) ). The positive cone K + 0 (A(x, B) ) is defined by the positive rational numbers Q + . Let x = (x 1 , . . . , x n ) be a cluster of n variables in the algebra A(x, B).
defined on x by the formula ϕ(x i ) = [e i ], where [e i ] are some n pairwise different (equivalence classes of) projections generating the group K 0 (A(x, B) ). We shall write µ i = τ * ([e i ]) ∈ Q(n) to denote the image of [e i ] in R under the linear map τ * constructed in lemma 2.
Let µ n+k be a rational number given by the formula:
where 1 ≤ k ≤ n and b ik are elements of the skew-symmetric matrix B; notice that formula (9) is compatible with the exchange relations (1). It is easy to see that µ n+k ∈ Q(n), because the set Q(n) is closed under the addition, multiplication and division of the rational numbers in Q(n).
Let [e n+k ] ∈ K 0 (A(x, B) ) be such that τ * ([e n+k ]) = µ n+k ; such an element in K 0 (A(x, B) ) always exists because µ n+k ∈ Q(n). We shall extend the map ϕ from the set x = (x 1 , . . . , x n ) to the set x ∪ x n+k according to the formula:
Since 1 ≤ k ≤ n, one gets a map ϕ :
It is obvious, that using formulas (9) one can extend ϕ to the rest of generators x i of A add (x, B) and henceforth to the entire cluster algebra A add (x, B). Thus one gets a representation:
which commutes with the linear map τ * as shown in Figure 2 . The reader is encouraged to verify that ϕ is an isomorphism of the abelian groups. Lemma 4 follows. Figure 2 : Construction of the isomorphism ϕ.
Remark 2 Lemma 4 implies that the group K 0 (A(x, B) ) has the natural structure of a commutative ring. In view of lemma 3, such a ring is subject to an inclusion
Lemma 5 The isomorphism ϕ is order-preserving, i.e.
Proof. It follows from formula (9) is an order-preserving map, such that
Lemma 5 follows.
Theorem 1 follows from lemma 5.
Remark 3 ([12]
) Theorem 1 implies that the category of cluster algebras can be embedded into the category of dimension groups (G, G + ) with the stable scale. The following (partial) characterization of cluster algebras in terms of the dimension groups is true: The cluster algebras correspond to the dimension groups with G ∼ = Z ∞ and a non-trivial spectrum P rim (G, G + ) ∼ = {R n | n ≥ 1}, where P rim (G, G + ) is the space of primitive ideals of (G, G + ) endowed with the Jacobson topology.
Proof of corollary 1
Let ψ be an inverse of the map ϕ constructed in lemma 4. We shall fix an isomorphism class of the AF -algebra A(x, B) and consider the corresponding dimension group (K 0 (A(x, B) ), K + 0 (A(x, B) ), Γ). In view of theorem 1, we have:
Since Γ ⊆ K + 0 (A(x, B) ), one gets a scale ψ(Γ) ⊆ A + add (x, B) in the cluster algebra A add (x, B) .
On the other hand, it is verified directly that the set X = {x i } ∞ i=1 of all cluster variables x i is a scale, since it is a generating, hereditary and directed subset of A add (x, B). But given isomorphism class of algebra A(x, B) can define only one scale on the cluster algebra A add (x, B); thus X ∼ = ψ(Γ). It remains to recall that ψ(Γ) ⊆ A + add (x, B) and therefore X ⊆ A + add (x, B) . In other words, the coefficients of the Laurent polynomials corresponding to the cluster variables x i are non-negative integers. Corollary 1 is proved.
An example
To illustrate theorem 1, we shall consider a cluster C * -algebra A (1, 1) associated to a triangulation of an annulus with one marked point on each boundary component, see [Fomin, 
Cluster
Let A = {z = x + iy ∈ C | r ≤ |z| ≤ R} be an annulus in the complex plane such that r < R. Recall that the Riemann surfaces A and A ′ are isomorphic if and only if R/r = R ′ /r ′ ; the real number t = R/r is called a modulus of A. By T A = {t ∈ R | t > 1} we understand the Teichmüller space of A, i.e. the space of all Riemann surfaces A endowed with a natural topology. The cluster algebra A(x, B T ) of rank two given by a matrix:
is the coordinate ring of T By {σ t : A(1, 1) → A(1, 1) | t ∈ R} we denote a group of modular automorphisms constructed in [12] , Section 4; the σ t is generated by the geodesic flow T t on the space T A . The A(1, 1) embeds into an UHF-algebra:
In other words, the supernatural number k in lemma 2 is equal to 2 ∞ . (The M 2 ∞ is known as a CAR algebra; unlike the A(1, 1), it is a simple AF -algebra with the Bratteli diagram shown in [Effros 1980 , p.13(c1)] [2] .) The Powers
it is not hard to observe, that σ t ≡ σ t on A(1, 1).
Recall that if e ij are the matrix units in M 2 (C), one can define a projection e ∈ M 2 (C) ⊗ M 2 (C) by the formula e = 1 1+t
(e 11 ⊗ e 11 + te 22 ⊗ e 22 + √ t(e 12 ⊗ e 21 + e 21 ⊗ e 12 )), where t ∈ R is a parameter. If θ is the shift automorphism of the UHF -algebra M 2 ∞ , then projections e i := θ i (e) ∈ M 2 i satisfy the following relations:
e i e j = e j e i , if |i − j| ≥ 2 e i e i±1 e i = t (1+t) 2 e i (16) and the Powers state ϕ t : M 2 ∞ → C satisfies the Jones equality:
see [Jones 1991 , Section 5.6] [7] for the details. The e i generate the algebra M 2 ∞ and taking new generators s i such that σ t (s i ) = te i − (1 − e i ) one gets a representation of the braid group B n = {s 1 , . . . , s n | s i s i+1 s i = s i+1 s i s i+1 , s i s j = s j s i if |i − j| ≥ 2} in the algebra M 2 n .
The values of modulus t
To find admissible values of parameter t, we shall use a simple analysis of the cluster algebra A(1, 1) ∼ = K 0 (A(1, 1) ). Recall that algebra A(1, 1) has a unique canonical basis B consisting of the positive elements of A (1, 1) , i.e. the Laurent polynomials with positive integer coefficients; the elements of B generate the whole algebra A (1, 1) . An explicit construction of B was given by [Sherman & Zelevinsky 2004 , Theorem 2.8] [16] . Namely,
where T n (x) are the Chebyshev polynomials of the first kind. Since
we shall look for a modulus t such that
(This is always possible since the Penner coordinates on T A are given by the cluster (x 1 , x 2 ), where each x i is a function of modulus t.) The reader can verify that exchange relations (1) for A(1, 1) can be written as:
From (20) it is easy to calculate that:
From
(t + t −1 ) one gets a system of equations:
Excluding
in the second equation, we get an equation:
The bi-quadratic equation (23) for x 1 has real roots if and only if its discriminant:
, where L is a link obtained from the closure of a braid w ∈ A(1, 1).
Remark 5
The variable t 
Dimension group of the GICAR algebra
We shall use theorem 1 to calculate a dimension group of the algebra A(1, 1). 
On the other hand, the Bratteli diagram in Figure 3 says that the group K 0 (A (1, 1) ) is generated by the (equivalence classes of) projections [e 
Take a representation ρ of K 0 (A(1, 1)) in the cluster algebra A(1, 1) given by the formula:
The reader can verify that relations (35) are satisfied. It is easy to see, that x k (1 − x) n−k are generators of the polynomial ring Z[x] and the rest of the proof repeats the argument in [Renault 1980 , Appendix] [14] . Corollary 4 follows. 1 The ideal triangulations of the Riemann surfaces of genus g ≥ 1 correspond to the cluster C * -algebras of a higher rank; such algebras produce the Laurent polynomials in two or more variables, see [13] . The polynomials are new topological invariants of knots and links. For instance, the Markov cluster C * -algebra of rank 3 in Figure 1 Remark 6 Corolary 4 was first proved by [Renault 1980 , Appendix] [14] ; the GICAR algebra involved in the original proof is isomorphic to the cluster C * -algebra A(1, 1), see Figure 3 .
The Hecke group
The space T A can be parameterized by a Fuchsian group of the second type. Namely, the Hecke group H(λ) is a subgroup of SL 2 (R) generated by matrices: 0 −1 1 0 and 1 λ 0 1 ,
where λ ∈ R. The group H(λ) acts on the Lobachevsky plane H = {z = x + iy | y > 0} by the linear fractional transformations. The Hecke theorem says that the action is discrete if and only if: λ ∈ [2, ∞) ∪ {λ n := 2 cos Remark 7 Formula (38) relates the Hecke group H(λ) to the algebra A(1, 1) and henceforth to the index of subfactors by taking the weak closure of a representation of A(1, 1) ⊂ M 2 ∞ ; such a question was raised in [Jones 1991 , Section 3.1] [7] .
